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Part I: Dependence. Independence, Team Semantics

Motivation and historical remarks

©

o Dependence and independence as atomic properties

©

Logics of dependence and independence. Team semantics

©

Expressive power
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Logics of dependence and independence

Henkin, Enderton, Walkoe, ...: partially ordered (or Henkin-) quantifiers
Blass and Gurevich: correspondence to ! (and thus NP)
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Henkin, Enderton, Walkoe, ...: partially ordered (or Henkin-) quantifiers
Blass and Gurevich: correspondence to ! (and thus NP)

Hintikka and Sandu: Independence-friendly (IF) logic with explicit
dependencies of quantifiers on each other

Semantics in terms of games with imperfect information

Claim: Impossibility of model-theoretic (compositional) semantics
never made precise, never proved
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Logics of dependence and independence

Henkin, Enderton, Walkoe, ...: partially ordered (or Henkin-) quantifiers
Blass and Gurevich: correspondence to ! (and thus NP)

Hintikka and Sandu: Independence-friendly (IF) logic with explicit
dependencies of quantifiers on each other

Semantics in terms of games with imperfect information

Claim: Impossibility of model-theoretic (compositional) semantics
never made precise, never proved

Hodges: model-theoretic semantics for IF-logic

Difference to Tarski semantics: a formula is not evaluated against a single
assignment but against a set of assignments

This kind of semantics is an achievement of independent interest. The full
potential of this innovation has not yet been fully appreciated.
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Henkin quantifiers

= vx Jy Pxyuy
9= Yu dv )

Intuitively, this says that for all x, u there exist y, v such that Px yuv holds, and

moreover, the choice of y only depends on the value of x and the choice of v
only depends on the value of u.
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Henkin quantifiers

= vx Jy Pxyuy
9= Yu dv )

Intuitively, this says that for all x, u there exist y, v such that Px yuv holds, and
moreover, the choice of y only depends on the value of x and the choice of v
only depends on the value of u.

Precise semantics can be given either in terms of Skolem functions, or in terms
of games of imperfect information.
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Henkin quantifiers

= vx Jy Pxyuy
9= Yu dv )

Intuitively, this says that for all x, u there exist y, v such that Px yuv holds, and
moreover, the choice of y only depends on the value of x and the choice of v
only depends on the value of u.

Precise semantics can be given either in terms of Skolem functions, or in terms
of games of imperfect information.

(A, P) & ¢ if there exist functions f, g: A — A such that P(a, fa,c, gc) holds
forall a, c € A.
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Henkin quantifiers and NP

Simple formulae with Henkin quantifiers express NP-complete problems

A graph G = (V, E) is 3-colourable if, and only if,

GI:( :z zli} )(y,ve{O,I,Z}A(x:u—>y:v)/\(Exu—>y¢v))

Theorem (Blass, Gurevich)

Henkin quantfiers over first-order formulae capture NP
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Independence-friendly logic

IF-logic is first-order logic where quantifiers are annoted by independencies

Quantification rule: If ¢ is a formula, x is a variable, and W is a finite set of
variables, then the expressions (3x/W )¢ and (Vx/W )¢ are also formulae.

Game-theoretic semantics: In the evaluation game for (Qx/ W), the value
for x must be chosen independently from the the values of the variables in W.

At two positions ((Qx/W)g,s) and (Qx/W)e,s’) such that s(y) # s'(y)
only for variables in W, the same value for x must be chosen.
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IF-logic and existential second-order logic

A graph G = (V, E) admits a perfect matching if, and only if,

GE VxVy(EIu/{y})(Hv/{x,u})((x =y-o>u=v)A(u=y->v=x) /\Exu)
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IF-logic and existential second-order logic

A graph G = (V, E) admits a perfect matching if, and only if,

GE VxVy(EIu/{y})(Hv/{x,u})((x =y-o>u=v)A(u=y->v=x) /\Exu)

Skolem semantics. Replace existential quantifiers (3x/ W) by Skolem
functions whose arguments are the variables outside W.
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IF-logic and existential second-order logic

A graph G = (V, E) admits a perfect matching if, and only if,

GE VxVy(EIu/{y})(Hv/{x,u})((x =y-o>u=v)A(u=y->v=x) /\Exu)

Skolem semantics. Replace existential quantifiers (3x/ W) by Skolem
functions whose arguments are the variables outside W.

The formula for the perfect matching becomes

(3)(3g)¥xVy((x =y > fx = gy) A (fx = y > gy = x) A Exfx)

which is equivalent to (3 f)Vx(ffx =x A Exfx)
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IF-logic and existential second-order logic

A graph G = (V, E) admits a perfect matching if, and only if,
GE VxVy(EIu/{y})(Hv/{x,u})((x =y-o>u=v)A(u=y->v=x) /\Exu)

Skolem semantics. Replace existential quantifiers (3x/ W) by Skolem
functions whose arguments are the variables outside W.

The formula for the perfect matching becomes

(3)(3g)¥xVy((x =y > fx = gy) A (fx = y > gy = x) A Exfx)
which is equivalent to (3 f)Vx(ffx =x A Exfx)

Theorem. In expressive power, IF-logic is equivalent to existential
second-order logic and thus captures NP on finite structures.

Erich Gridel Logics for dependence and ind

P



Dependence and independence

What does it mean that “x depends on y” or that “x and y are independent” ?



Dependence and independence

What does it mean that “x depends on y” or that “x and y are independent” ?

Compare this to statements of a more common form such as “x divides y”.
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Dependence and independence

What does it mean that “x depends on y” or that “x and y are independent” ?
Compare this to statements of a more common form such as “x divides y”.

To make sense of this we fix a structure 2( in which the notion of divisibility is

well-defined and an assignment s : {x, y} — A and use Tarski-style semantics
to determine whether 2 =, “x divides y”.
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Dependence and independence

What does it mean that “x depends on y” or that “x and y are independent” ?
Compare this to statements of a more common form such as “x divides y”.

To make sense of this we fix a structure 2( in which the notion of divisibility is
well-defined and an assignment s : {x, y} — A and use Tarski-style semantics
to determine whether 2 =, “x divides y”.

Dependence and independence are notions of a different kind! They manifest
themselves not in single assignments, but only in larger amounts of data:

- sets of plays in a game (e.g. strategies)

- tables or relations

- sets of assignments.
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Dependence and independence

What does it mean that “x depends on y” or that “x and y are independent” ?
Compare this to statements of a more common form such as “x divides y”.

To make sense of this we fix a structure 2( in which the notion of divisibility is
well-defined and an assignment s : {x, y} — A and use Tarski-style semantics
to determine whether 2 =, “x divides y”.

Dependence and independence are notions of a different kind! They manifest
themselves not in single assignments, but only in larger amounts of data:

- sets of plays in a game (e.g. strategies)

- tables or relations

- sets of assignments.

A set of assigments (all with the same domain of variables) is called a team.
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Logics of dependence and independence

Vidndnen: Dependence logic

rather than stating dependencies or independencies as annotations of
quantifiers, treat dependence as an atomic statement

model-theoretic semantics in terms of sets of assignments (team semantics)
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Logics of dependence and independence

Vidndnen: Dependence logic

rather than stating dependencies or independencies as annotations of
quantifiers, treat dependence as an atomic statement

model-theoretic semantics in terms of sets of assignments (team semantics)
Grddel, Vddnidnen: Independence logic

based on independence rather than dependence
dependence as a special case of a general form of independence
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Logics of dependence and independence

Vidndnen: Dependence logic

rather than stating dependencies or independencies as annotations of
quantifiers, treat dependence as an atomic statement

model-theoretic semantics in terms of sets of assignments (team semantics)
Grddel, Vddnidnen: Independence logic

based on independence rather than dependence
dependence as a special case of a general form of independence

Galliani: Logics based on other dependency properties
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Dependence atoms
Dependence atoms are expressions  =(x, ).

Semantics: Let 2 be a structure and X a team of assignments s : V — A.
A =x =(x, y) if y depends on x in 2 and X.
This means that for all s, s" € X,

n

Ns(xi) =s'(xi) = s(y) =s'(y)

i=1
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Dependence atoms

Dependence atoms are expressions  =(x, ).

Semantics: Let 2 be a structure and X a team of assignments s : V — A.
A =x =(x, y) if y depends on x in 2 and X.

This means that for all s, s" € X,

n

Ns(xi) =s'(xi) = s(y) =s'(y)

i=1

Expanded form of dependence atoms =(x, y) saying that all variables of y
depend on x.

Thus dependence is understood as functional dependence, which is the
strongest form of dependence. The values of x;, . .. x,, in X determine the
value of y as surely as x and y determine x + y and x - y in elementary
arithmetic. Weaker forms of dependence are definable from that.
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Armstrong’s axioms for dependence

D =(x,x)
Anything is functionally dependent of itself.

(2) If=(x,y),x cx and ¥’ c y, then =(x", ).
Functional dependence is preserved by increasing input data and
decreasing output data.

(3) If=(x,y) and ¥’ and y’ are permutations of x and y, then =(x", y").
Functional dependence does not look at the order of the variables.

(4) If=(x,y) and =(¥,%), then =(x, z).
Functional dependences can be transitively composed.

Completeness: If T is a finite set of dependence atoms of the form =(x, y) for
various x and ¥, then =(x, ) follows from T according to Armstrong’s rules if,
and only if, every team that satisfies T also satisfies =(x, ).
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Independence: informal discussion

Independence is a more complicated notion than dependence.
Strongest form of logical independence of x and y:

o Every conceivable pattern of values for (x, y) occurs.

o Knowing one of x and y gives no information about the other.

Caution. Probability theory has its own concept of independence: two
random variables are independent if observing one does not affect the
probabilities of the other. Logical independence is in harmony with
probabilistic independence, but does not pay attention to how often a pattern
occurs.
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Example for independence

Suppose you want gather experimental data by throwing balls of various size
and masses from the Leaning Tower of Pisa to observe how size and mass
influence the time of descent. Setting up the experiment you may want to
make sure that

The size of the ball is independent from its mass
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Example for independence

Suppose you want gather experimental data by throwing balls of various size
and masses from the Leaning Tower of Pisa to observe how size and mass
influence the time of descent. Setting up the experiment you may want to
make sure that

The size of the ball is independent from its mass

How to make sure of this? Vary sizes and masses so that if one size is chosen
for one mass it is also chosen for all other masses (and vice versa). This would
eliminate any dependence between size and mass and the experiment would
genuinely tell us something relevant about the time of descent.
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Independence atoms: simple case

Definition. A team X satisfies the atom x L y if

(Vs,s" € X) (35" € X)(s"(x) = s(x) As"(y) =5'(¥))



Independence atoms: simple case

Definition. A team X satisfies the atom x L y if

(Vs,s" € X)(3s" € X) (5" (x) =s(x) A" (y) =5"(p))

Suppose you know X and you know that s is some assignment in X.
You want to gather information about s(y). What you know is that
s(y)e{a:a=s'(y)for somes’ € X}.
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Independence atoms: simple case

Definition. A team X satisfies the atom x L y if
(V55" € X)(35" € X)("(x) = 5(x) A" (3) = 5' ()

Suppose you know X and you know that s is some assignment in X.
You want to gather information about s(y). What you know is that
s(y)e{a:a=s'(y)for somes’ € X}.

Suppose that I tell you s(x) where x L y.
You cannot infer anything new about s(y). Indeed, for all potential values a
for s(y) there is an assignment s” € X with s”(x) = s(x) and s”(y) = a.
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Constants

Consider a team of data obtained by throwing objects of the same size but
different masses from the leaning tower of Pisa.

Galileo: The time of descent is independent of the mass.
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Constants

Consider a team of data obtained by throwing objects of the same size but
different masses from the leaning tower of Pisa.

Galileo: The time of descent is independent of the mass.
Special theory of relativity:

Einstein: The speed of light is independent of the observer’s state of motion.
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Constants

Consider a team of data obtained by throwing objects of the same size but
different masses from the leaning tower of Pisa.

Galileo: The time of descent is independent of the mass.
Special theory of relativity:
Einstein: The speed of light is independent of the observer’s state of motion.

A special case of total independence is when one of the variables is a constant !
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Constants

Consider a team of data obtained by throwing objects of the same size but
different masses from the leaning tower of Pisa.

Galileo: The time of descent is independent of the mass.

Special theory of relativity:

Einstein: The speed of light is independent of the observer’s state of motion.

A special case of total independence is when one of the variables is a constant !

Proposition. A constant variable is independent from every other variable
including itself: =(x) <= x 1 x
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Axioms for independence

(1) Ifx 1L ytheny L x (Symmetry Rule)

(2) Ifx L xthenx 1L y (Constancy Rule)



Axioms for independence

(1) Ifx L ythen y L x (Symmetry Rule)
(2) Ifx L xthenx 1L y (Constancy Rule)

Completeness: If T is a finite set of independence atoms of the form u L v
then x L y follows from T via these two rules if, and only if, every team that
satisfies T also satisfies x L y.

Erich Gridel Logics for dependence and ind

d

e

P



Axioms for independence

(1) Ifx L ythen y L x (Symmetry Rule)
(2) Ifx L xthenx 1L y (Constancy Rule)

Completeness: If T is a finite set of independence atoms of the form u L v
then x L y follows from T via these two rules if, and only if, every team that
satisfies T also satisfies x L y.

Proof. Suppose T' = x L y. Derive x L y from T.

Let V be the variablesin Tand U ={ze V:z1z€ T}.
If T contains x L y or y L x, or if U contains x or y, we are done.

If not we construct a team X = X, U X; that satisfies T, but not x L y. Set

X5 = {s:V—> (Uu{0,1}):s(z) =zforze U,s(x) =s(y) :a}

Erich Gridel Logics for dependence and ind d
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Completeness of simple independence axioms

XET:Let(ulv)eT.

- ifuorvisin U thenitis constantin X and hence X = u L v

- if{u,v} n(Uu{x, y}) = @, then all values occur for u,v in X
andhence X Eu L v

- otherwise we can assume that u = x andv e V ~ (U n {x, y}).
Foranys,s’' € X, lets”(z) :=s(z) forz # vand s” (v) := s'(v).
Thens” € X and hence X Eu L v.

Xe#tx1y:

There exist s, s € X with s(x) = 0 and s’(y) = 1, but there is no s” € X with
s"(x)=0ands"(y) = L
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Independence atoms: general case

The independence atom x L y, and also its extension to independency atoms
X 1 y on tuples of variables, are special forms of a more general atom

E.Lgy

saying that the variables x are completely independent from y for any constant
value of z.

Definition. A team X satisfies the atom x 13 y if for any pair of assignments
s,s" € X with s(z) = §'(Z) there is a third assignment s” € X with

s"(z2) =s(z) =5'(2)

s"(x) =s(x)

() =5 (3).
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Dependence versus independence

How do dependence atoms and independence atoms compare with respect to
expressive power?
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Dependence versus independence

How do dependence atoms and independence atoms compare with respect to
expressive power?

Lemma =(z,x) logically implies x 17y
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Dependence versus independence

How do dependence atoms and independence atoms compare with respect to
expressive power?

Lemma =(z,x) logically implies x 17y

Lemma X 17y logically implies =(z,x ny)
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Dependence versus independence

How do dependence atoms and independence atoms compare with respect to
expressive power?

Lemma =(z,x) logically implies x 17y
Lemma X 17y logically implies =(z,x ny)

Corollary =(z,X) < x 13 %
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Dependence versus independence

How do dependence atoms and independence atoms compare with respect to
expressive power?

Lemma =(z,x) logically implies x 17y
Lemma X 17y logically implies =(z,x ny)
Corollary =(z,x) <= X 1zx

So dependence is a special case of (the general form of) independence
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Inclusion, exclusion, and all that

Besides dependence and independence, there are other interesting atomic
properties of teams. One source of such properties is database dependency
theory.
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Inclusion, exclusion, and all that

Besides dependence and independence, there are other interesting atomic

properties of teams. One source of such properties is database dependency
theory.

Inclusion dependencies:

Ex (xcy) <= (VseX)(3s'eX)(s5(x)=5(9))
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Inclusion, exclusion, and all that

Besides dependence and independence, there are other interesting atomic

properties of teams. One source of such properties is database dependency
theory.

Inclusion dependencies:

Ex (RCF) =  (Vse X)(35 € X)(s(F) = 5'())

Exclusion dependencies:

Fx (X]7) = (Vse X)(Vs' e X)(s(x) #5'(¥))

Erich Gridel

i d d ind d
Logics for dep e and indep

e



Inclusion, exclusion, and all that
Besides dependence and independence, there are other interesting atomic

properties of teams. One source of such properties is database dependency
theory.

Inclusion dependencies:

Ex (xcy) <= (VseX)(3s'eX)(s5(x)=5(9))

Exclusion dependencies:

Fx (X1Y) = (Vse X)(Vs e X)(s(x) #5'(7))
Equiextension:

Ex (xxy) = {s(x):seX}={s(y):seX}
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Logics of dependence and independence

Combine the atoms stating dependencies and/or independencies with the
common logical operators, such as connectives and quantifiers, to obtain
full-fledged logics for reasoning about dependence and independence.

Dependence logic: FO + dependence atoms  =(x, y)
Independence logic: FO + independence atoms X 17y
Inclusion logic: FO + inclusion atoms X €y

and so on.
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Logics of dependence and independence

Combine the atoms stating dependencies and/or independencies with the
common logical operators, such as connectives and quantifiers, to obtain
full-fledged logics for reasoning about dependence and independence.

Dependence logic: FO + dependence atoms  =(x, y)
Independence logic: FO + independence atoms X 17y
Inclusion logic: FO + inclusion atoms X €y

and so on.

All these logics require team semantics.

What precisely does it mean that, A =x y(x) ?
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Team semantics for first-order logic

Aexv(y) <= A= y(y)forallse X



Team semantics for first-order logic

Aexv(y) <= A= y(y)forallse X

o AExyrg = forallse X, Ar;yandA ¢
o AEexyve = forallse X, A yporAkE ¢
o AEx dyy = forallse X thereexist a € Awith A =y, . ¥

o AEx Vyy = forallseXandallaeA,Qll:S[yHa]1//
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <= A= y(y)forallseX
o AExyArg = forallse X, Ar;yandAE ¢
o Aexyve = forallseX, A= yorAE g

o AEx Jyy = forallse X thereexist a € Awith A g, . ¥

©

AEex Vyy = forallsEXandalIaeA,ths[y,_,a]1//
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <= A= y(y)forallseX
o AExyAg <= AexyandAEyx g
o Aexyve = forallseX, A= yorAE g

o AEx Jyy = forallse X thereexist a € Awith A g, . ¥

©

AEex Vyy = forallsEXandalIaeA,ths[y,_,a]1//
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <«—= Akey(y)forallseX
o AExyAg <= AexyandAEyxg
o0 A=xyve <= X=YuZsuchthatAEy yand2AEy ¢

o AEx Jyy = forallse X thereexist a € Awith A g, . ¥

©

Aex Vyy = forallsEXandalIaeA,ths[y,_,a]1//
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <«—= Akey(y)forallseX
o AExyAg = ArxyandAExoe

o AExyve <= X=YuZsuchthatAEryyandAE; ¢
o AEx Jyy = forallse X thereexist a € Awith A g, . ¥

o AkEx Vyy = forallsEXandalIaeA,ths[y,_,a]1//

Notice that (¢ v @) is, in general, not equivalent to ¢
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <«—= Akey(y)forallseX
o AExyAg = ArxyandAExoe

o AExyve <= X=YuZsuchthatAEryyandAE; ¢
o AEx Jyy = forallse X thereexist a € Awith A g, . ¥

o AkEx Vyy = forallsEXandalIaeA,ths[y,_,a]1//

Notice that (¢ v @) is, in general, not equivalent to ¢

An example from dependence logic:
=(y) means that the value of y is constant in the given team
=(y) v =(y) means that y takes at most two values in the given team
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <= A= y(y)forallseX
o AEx YA = AryyandAEx e

o Aexyve = X=YuZsuchthatAEryyandAE; ¢
o Akx Iyy = 3IF:X —>P(A) {2} suchthat A =y, p v

o AEx Vyy = forallseXandallaeA A&, v
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Team semantics: inductive definition

o Fory(y) eFO: Aexy(y) <= A= y(y)forallseX

o AEx YA = AryyandAEx e

o Aexyve = X=YuZsuchthatAEryyandAE; ¢

o Akx Iyy = 3IF:X —>P(A) {2} suchthat A =y, p v

o AEx Vyy = forallseXandallaeA A&, v
Choose (for every s € X) an arbitrary non-empty set of witnesses for 3x . ..
rather than just a single witness: lax semantics as opposed to strict semantics.

For FO and dependence logic the difference is immaterial
For stronger logics, only lax semantics guarantees the locality principle:
Ay ¢ 2 FEXfree(gp) ¢
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Team semantics: inductive definition

o Fory(y)eFO: Aexy(y) <«— A= y(y)forallseX
o AExyYyAg = ArEyyandAEx e

o AExyve <= X=YuZsuchthatAEryyandAE;¢
o Akx Iyy = 3IF:X —>P(A) {2} suchthat A =y, p v

o Aex Vyy = Ay, V
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Team semantics: inductive definition

o Fory(y)eFO: Aexy(y) <«— A= y(y)forallseX
o ArxyAg = ArxyandAExoe

o AExyve <= X=YuZsuchthatAEryyandAE;¢
o Akx Iyy = 3IF:X —>P(A) {2} suchthat A =y, p v

o Aex Vyy = AEyxnaV

For sentences we define: A=y <= Ak, ¢

Notice that we cannot reasonably replace {@} by & since the empty team
satisfies all formulae: 2( =4 v for all y
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Example: Defining 3-SAT in dependence logic
Represent an instance ¢ = A, (X;, v X, v Xj,) of 3-SAT by a team

Zy ={(i, j,X,0) :in clause i at position j, the variable X appears with parity o}

Example: The formula ¢ = (X vV -X; v X3) A (Xz Vv X4 v —X5), is described

by the team

clause

position

variable

parity

1

NS R SR S

1

W N = W N

Xi
X>
X3
X
Xy
Xs

+

+ + +
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Example: Defining 3-SAT in dependence logic
Represent an instance ¢ = A, (X;, v X, v Xj,) of 3-SAT by a team
Zy ={(i, j,X,0) :in clause i at position j, the variable X appears with parity o}

Example: The formula ¢ = (X vV -X; v X3) A (Xz Vv X4 v —X5), is described
by the team

clause | position | variable | parity
1 1 X +
1 2 X -
1 3 X3 +
2 1 X5 +
2 2 Xy +
2 3 Xs -

Proposition. ¢ is satisfiable if, and only if, the team Zyisa model of
=(clause,position) v =(clause, position) v =(variable,parity)
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From team semantics to Tarski semantics

A team X of assignments s : V — A can be represented as a relation
rel(X) c AV,

The translation to Tarski semantics requires that we go to existential
second-order logic Z1.

Proposition. Every formula y(xi,...,x,) in dependence or independence
logic, with vocabulary 7, can be translated into a X!-sentence y* of vocabulary
7U {R} such that

Aexp(x) «— (Arel(X))Ey”

Indeed this holds for any extension of FO by atomic properties of teams that
are first-order expressible (on the relation describing the team).
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From team semantics to Tarski semantics

A team X of assignments s : V — A can be represented as a relation
rel(X) c AV,

The translation to Tarski semantics requires that we go to existential
second-order logic Z1.

Proposition. Every formula y(xi,...,x,) in dependence or independence
logic, with vocabulary 7, can be translated into a X!-sentence y* of vocabulary
7 U {R} such that

Aexp(x) «— (Arel(X))Ey”

Indeed this holds for any extension of FO by atomic properties of teams that
are first-order expressible (on the relation describing the team).

For sentences, dependence logic, and thus also independence logic coincides
in expressive power with 1.
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The translation from dependence logic into X}

Construct translation y(x,...,x,) +~  y¥*(R) such that

Aexy(x) = QArel(X))=y”



The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
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The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- dependency atoms =(x;,, ..., Xj,, x;) are translated into

k
\ﬁvy(Rx ARy AN (i, = i) = (xi = yi))
=1
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The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- dependency atoms =(x;,, ..., Xj,, x;) are translated into

k
\ﬁvy(Rx ARy AN (i, = i) = (xi = yi))
=1

- (WE) A e(x) =y (R) A 9™ (R)

Erich Gridel Logics for dep

d

e and il

d

P



The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- dependency atoms =(x;,, ..., Xj,, x;) are translated into

k
\ﬁvy(Rx ARy AN (i, = i) = (xi = yi))
j=1

- (YE) A e(x)" =y (R) A 9™ (R)
- (y(X) v 9(F))* = ISIT(VX(RX > (SX v TX)) Ay*(S) A 9*(T))
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The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- dependency atoms =(x;,, ..., Xj,, x;) are translated into

k
\ﬁvy(Rx ARy AN (i, = i) = (xi = yi))
j=1

(y(x) A p(x))" = y"(R) A 9" (R)
(W(®) v o(%))* = ISIT(VE(RT — (STV T)) A y*(S) A 9*(T))
(Vyy)* = 3S(VEVy(RX — Sxy) A y* (S))
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The translation from dependence logic into X

Construct translation y(xy,...,x,) +~  y*(R) such that
Aexy(x) «— (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- dependency atoms =(x;,, ..., Xj,, x;) are translated into

k
vEVF(REART A A(xi, = 1) = (xi = 34))
j=1
- (y(x) A p(x))" =" (R) A 9" (R)
- (y(x) ve(x)) :=3SIT(VX(RX — (Sx v Tx)) Ay*(S) A ¢*(T))
- (Vyy)* =3S(VxVy(Rx — Sxy) Ay*(S))
- (Elyw)*:: ElS(V)_CHy(RfaSYy)/\I//*(S))
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Expressive power of dependence logic: formulae
Downwards Closure: If A Ex yand Y € X, then A =y y

Hence, the sentences y* have to be downwards monotone:
If (2,R) = y*and S € Rthen (A, S) = y*.
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Expressive power of dependence logic: formulae

Downwards Closure: If A Ex yand Y € X, then A =y y

Hence, the sentences y* have to be downwards monotone:
If (2,R) = y*and S € Rthen (A, S) = y*.

Thus dependence logic is a strict fragment of existential second-order logic.
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Expressive power of dependence logic: formulae

Downwards Closure: If A Ex yand Y € X, then A =y y

Hence, the sentences y* have to be downwards monotone:
If (2,R) = y*and S € Rthen (A, S) = y*.

Thus dependence logic is a strict fragment of existential second-order logic.

Theorem (Kontinen and Vaininen 2009)

The expressive power of formulae y/(x;, ..., x,,) of dependence logic is
precisely that of existential second-order sentences with the predicate for the
team occurring only negatively.
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Expressive power of dependence logic: formulae

Downwards Closure: If A Ex yand Y € X, then A =y y

Hence, the sentences y* have to be downwards monotone:
If (A,R) =y*and S C R then (2, S) = y*.

Thus dependence logic is a strict fragment of existential second-order logic.

Theorem (Kontinen and Vaininen 2009)

The expressive power of formulae y/(x;, ..., x,,) of dependence logic is
precisely that of existential second-order sentences with the predicate for the
team occurring only negatively.

While sentences of dependence logic can express all NP-properties of finite
structures, only the downwards closed NP-properties of teams are definable by
open formulae of dependence logic.
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The translation from independence logic into X

Construct translation y(xy,...,x,) +~  ¥*(R) such that
Aexy(x) = (Arel(X))Ey”

- first-order literals a(x) are translated into Vx(Rx — a(x))
- independence atoms x; Ly, x; are translated into

VEV?(R%/\ Ry/\ (Xk = yk) g HE(RE/\ (Zk = Xk) N (Zi = Xl') N (Zj = y])))
- (@) A e(x))" =y (R) A 9™ (R)
- (y(x) ve(x)) :=3SIT(Vx(RX < (Sx v Tx)) Ay*(S) A @*(T))

- (Vyy)* = 3S(VRVy(RE < SEy) Ay (S))
- (3yy)* = 3S(VEIy(RE < Sxy) AY*(S))
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Expressive power of independence logic

Contrary to dependence logic, inclusion logic and independence logic are not
downwards closed.
For instance x L y is not preserved under subteams.

Inclusion logic is closed under union. Independence logic is not.
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Expressive power of independence logic

Contrary to dependence logic, inclusion logic and independence logic are not
downwards closed.
For instance x L y is not preserved under subteams.

Inclusion logic is closed under union. Independence logic is not.
e Exclusion logic = dependence logic.

e Inclusion logic and dependence logic are incomparable.

e FO +inclusion + exclusion = independence logic.

¢ Independence logic coincides with 2] also wrt the
expressive power of open formulae.

Corollary. All NP-properties of teams are definable in independence logic.
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Part II: Model-Checking Games

©

Reachability games and model-checking games for first-order logic

©

Second-order reachability games

©

Model-checking games for logics with team semantics

o Examples

©

Complexity

o Deterministic versus nondeterministic strategies
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Reachability games

Two-player games with perfect information given by a game graph
G=(V,E), V=VuViuT, EcCcVxV

o Player 0 moves from positions v € Vp,
Player 1 moves from v € Vj,
T is the set of terminal nodes.

o Moves are along edges.
Hence plays are finite or infinite paths through the graph

o Winning condition Win € T at a terminal position v € T,
Player 0 has won if v € Win and Player 1 has won if v € T'\ Win.
Infinite plays are draws.

d d d
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Reachability games

Two-player games with perfect information given by a game graph
G=(V,E), V=VuViuT, EcCcVxV

o Player 0 moves from positions v € Vp,
Player 1 moves from v € Vj,
T is the set of terminal nodes.

o Moves are along edges.
Hence plays are finite or infinite paths through the graph

o Winning condition Win € T at a terminal position v € T,

Player 0 has won if v € Win and Player 1 has won if v € T'\ Win.

Infinite plays are draws.

Let us assume that game graphs are acyclic and of finite depth.
Hence all plays are finite.

d
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Winning regions and winning strategies

Winning regions
Wy := {v € V : Player ¢ has a winning strategy from position v}

A (nondeterministic) winning strategy of Player 0 for G and Win with winning
region W is a subgraph S = (W, F) € (V, E) such that

(1) ifve Vyn W then vF + &,
(2) ifv e Vin W thenvF =vE

(3) WnTc Win.

d d d
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Winning regions and winning strategies

Winning regions
Wy := {v € V : Player ¢ has a winning strategy from position v}

A (nondeterministic) winning strategy of Player 0 for G and Win with winning
region W is a subgraph S = (W, F) € (V, E) such that

(1) ifve Vyn W then vF + &,
(2) ifv e Vin W thenvF =vE
(3) WnTc Win.

All plays that start at some v € W and are consistent with S reach a winning
position w € Win.
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Complexity of reachability games

Given a reachability game game (G, Win) on a finite game graph, we can
compute in linear time O(|V| + |E|)

© winning regions Wy, W;
o winning strategies for both players on Wy and W,

Associated decision problem:

GAME := {(G,v) : Player 0 has winning strategy for G from position v}

Theorem. GAME is PTIME-complete.
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Model-Checking Games

The model checking problem for a logic L (with classical Tarski-semantics)

Given: structure 2(
formula y(x) € L

assignment s : free(y) > A
Question: A= y?



Model-Checking Games

The model checking problem for a logic L (with classical Tarski-semantics)

Given: structure 2
formula y(x) € L
assignment s : free(y) - A
Question: A= y?

Reduce model checking problem 2l =, y to strategy problem for model
checking game G (2, y, s), played by

- Falsifier (also called Player 1), and

-  Verifier (also called Player 0), such that

A =, y <= Verifier has winning strategy for G(2, v, s)
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Model-Checking Games

The model checking problem for a logic L (with classical Tarski-semantics)

Given: structure 2
formula y(x) € L
assignment s : free(y) - A
Question: A= y?

Reduce model checking problem 2l =, y to strategy problem for model
checking game G (2, y, s), played by

- Falsifier (also called Player 1), and

-  Verifier (also called Player 0), such that

A =, y <= Verifier has winning strategy for G(2, v, s)

== Model checking via construction of winning strategies
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Model-checking game for first-order logic

The game G (2, y) for a structure 2 and y(x) € FO.



Model-checking game for first-order logic

The game G (2, v) for a structure 2 and y(x) € FO.

Positions: (¢, s) ¢ is a subformula of y and s : free(¢) — A
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Model-checking game for first-order logic

The game G (2, v) for a structure 2 and y(x) € FO.
Positions: (¢, s) ¢ is a subformula of y and s : free(¢) — A

Verifier moves:
(¢1V @2,5) > (9i,s | free(g:))  (i=12)
(3xg,s) > (¢,s[x—a])  (acA)

Falsifier moves

(917 @2,5) > (9i,s | free(gi))  (i=1,2)
(Vxgp,s) > (¢,s[x = a])  (acA)

d d
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Model-checking game for first-order logic

The game G (2, v) for a structure 2 and y(x) € FO.
Positions: (¢, s) ¢ is a subformula of y and s : free(¢) — A

Verifier moves:

(p1V @2,5) > (¢irs I free(g:))  (i=1,2)
(3xg,s) > (@ss[x—>al)  (acA)

Falsifier moves

(917 @2,5) > (9i,s | free(gi))  (i=1,2)
(Vxgp,s) > (¢,s[x = a])  (acA)

Terminal positions: ¢ atomic / negated atomic

Verifier ins at (¢,5) < 2 Fs
Falsifier & s ¢
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Second-order reachability games

Game graph: G =(V,Vy, W, T,LLE)
I: set of initial positions

T set of terminal positions
Winning condition for Player 0: Win ¢ P(T).

For algorithmic purposes, we assume that Win is given by a compact
description and that it can be decided in PTIME whether a givenset U ¢ T
belongs to Win.
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Second-order reachability games

Game graph: G =(V,Vy, W, T,LLE)
I: set of initial positions
T set of terminal positions

Winning condition for Player 0: Win ¢ P(T).

For algorithmic purposes, we assume that Win is given by a compact
description and that it can be decided in PTIME whether a givenset U ¢ T
belongs to Win.

Does Player 0 have a (nondeterministic) strategy such that the set of terminal
positions that are reachable by a play from I that is consistent with the strategy
belongs to Win ?
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Consistent winning strategies

Game graph: G =(V,Vy, W, T,LLE)
Winning condition for Player 0: Win ¢ P(T).

A consistent winning strategy of Player 0 for G and Win is a pair
S=(W,F)c(V,E)with Fc (W x W) n E such that

(1) W is the set of nodes that are reachable from I via edges in F
(2) ifve Vyn WthenvF + &

(3) ifve Vin W then vF = vE

(4) Wn T eWin.

Notice that (1) implies I ¢ W.
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Complexity

Theorem. The problem whether a given game graph G with a compact

decription for Win admits a consistent winning strategy for Player 0, is
NP-complete.



Complexity

Theorem. The problem whether a given game graph G with a compact

decription for Win admits a consistent winning strategy for Player 0, is
NP-complete.

The problem is obviously in NP: guess a subgraph, and verify that it is a
consistent winning strategy.
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Complexity

Theorem. The problem whether a given game graph G with a compact
decription for Win admits a consistent winning strategy for Player 0, is
NP-complete.

The problem is obviously in NP: guess a subgraph, and verify that it is a
consistent winning strategy.

NP-hardness by reduction from SAT. Given a CNF-formula y consider the
obvious game G (), where Player 1 can move from the initial position y to
clauses, and Player 0 from clauses to their literals, with
T:={(C,Y):Cisaclauseofy,Y € C}
Win := {U ¢ T : U contains no conflicting pair (C, Y), (C',Y)}

Player 0 has a consistent winning strategy for G(y) <= v is satisfiable
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Model-checking game for logics with team semantics

Consider FO together with a collection of atomic properties of teams.
Appropriate model checking games are obtained as follows:

o Take precisely the same model-checking game as for FO with
Tarski-semantics but insist that distinct occurrences of the same
subformula are represented by distinct nodes.

o Impose consistency conditions on the admissible strategies .
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Model-checking game for logics with team semantics

Consider FO together with a collection of atomic properties of teams.
Appropriate model checking games are obtained as follows:

o Take precisely the same model-checking game as for FO with
Tarski-semantics but insist that distinct occurrences of the same
subformula are represented by distinct nodes.

o Impose consistency conditions on the admissible strategies .

The resulting games G (2, v), where Verifier may use only consistent
strategies, can be viewed as games of imperfect information.
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Games with imperfect information

There are different views of games with imperfect information.

Explicitly given information sets: Players have only partial information I(v)
of the current position v, and may thus, according to their knowledge, be in
any position in the information set I = {w : I(w) = I(v)}. As a consequence,
strategies may depend only on current information I(v) and must assign the
same action to all nodes in the same information set.

Erich Gridel Logics for dependence and independence




Games with imperfect information

There are different views of games with imperfect information.

Explicitly given information sets: Players have only partial information I(v)
of the current position v, and may thus, according to their knowledge, be in
any position in the information set I = {w : I(w) = I(v)}. As a consequence,
strategies may depend only on current information I(v) and must assign the
same action to all nodes in the same information set.

Explicit restrictions on strategies: Do not make the information explicit, but
directly define restrictions on the strategies available for the players. For this
purpose it is often useful to identify strategies with the sets of plays that are
consistent with them.
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Games with imperfect information

There are different views of games with imperfect information.

Explicitly given information sets: Players have only partial information I(v)
of the current position v, and may thus, according to their knowledge, be in
any position in the information set I = {w : I(w) = I(v)}. As a consequence,
strategies may depend only on current information I(v) and must assign the
same action to all nodes in the same information set.

Explicit restrictions on strategies: Do not make the information explicit, but
directly define restrictions on the strategies available for the players. For this
purpose it is often useful to identify strategies with the sets of plays that are
consistent with them.

Here, we use the second approach.
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Second-order reachability games for model checking

Let (V, Vo, W, T, E) be the game graph of a model-checking game G (21, v).

Recall that V = {(¢,s) : ¢ is a subformula of y, s : free(¢) - A}
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Second-order reachability games for model checking

Let (V, Vo, W, T, E) be the game graph of a model-checking game G (21, v).
Recall that V = {(¢,s) : ¢ is a subformula of y, s : free(¢) - A}

Teams defined by strategies: For any subset W ¢ V and any subformula ¢ of y
Team(W, ¢) := {s: (¢,s) € W}

For a strategy S = (W, F), let Team(S, ¢) := Team(W, ¢)
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Second-order reachability games for model checking

Let (V, Vo, W, T, E) be the game graph of a model-checking game G (21, v).
Recall that V = {(¢,s) : ¢ is a subformula of y, s : free(¢) — A}

Teams defined by strategies: For any subset W ¢ V and any subformula ¢ of y
Team(W, ¢) := {s: (¢,s) € W}

For a strategy S = (W, F), let Team(S, ¢) := Team(W, ¢)

Second-order reachability condition Win ¢ P(T):
T ={(¢,s) € V: ¢ is an atomic or negated atomic subformula of y}

Win := {U € T : A Epeam(u,g) ¢ for every atomic/negated atomic ¢ }.
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Second-order reachability games for model checking

For a model-checking game G(2(, v) = (V, Vy, 1, T, E) with the second-order
reachability condition Win we thus have:

A consistent winning strategy for Player 0 (Verifier) with winning region W is
apair S = (W,F) c (V,E) with F ¢ (W x W) n E such that

(1) ifveVon W, thenvF + &
(2) ifv e Vin W then vF = vE

(3) for every atomic or negated atomic formula ¢, 2 Fream(s,p) ¢ Where
Team(S, ¢) = {s: (¢,s) e W}

Notice that condition (3) refers to the entire set of terminal positions that are
reachable by plays that are consistent with the strategy.
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Correctness of the model checking games

The consistency condition for winning strategies translates from the atomic
formulae to all positions of the game.

If S = (W, F) is a consistent winning strategy for G(2, y) then, for all
subformulae ¢ of y we have that 2 Erep(s,0) ¢-
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Correctness of the model checking games

The consistency condition for winning strategies translates from the atomic
formulae to all positions of the game.

If S = (W, F) is a consistent winning strategy for G(2, y) then, for all
subformulae ¢ of y we have that 2 Erep(s,0) ¢-

Theorem.

AE=xy <= Verifier has a consistent winning strategy S for G(2, y)
with Team(S, y) = X.
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The other player

A consistent winning strategy for Falsifier is defined dually, with
Win' := {U € T : A Fream(u,g) ~¢ for every atomic/negated atomic ¢}.

Notice that Win’ need not be the complement of Win.

Theorem.
AEry y~ <= Falsifier has a consistent winning strategy S’ for G(2, v)
with Team(S’,v) = Y.

Here ¢~ is the formula in negation normal form, corresponding to the
negation of y.

Notice that logics with team semantics do not have the tertium non datur.
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Complexity

Recall that the problem whether a given game graph G with a compact

description for Win admits a consistent winning strategy for Player 0, is
NP-complete.
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Complexity

Recall that the problem whether a given game graph G with a compact
description for Win admits a consistent winning strategy for Player 0, is
NP-complete.

The size of a model checking game G (2!, v) on a finite structure 2 is bounded
by [y - |4V,

Theorem. Let L be any extension of first-order logic by atomic formulae on
teams that can be evaluated in polynomial time. Then the model-checking
problem for L on finite structures is in NEXPTIME. For formulae of bounded
width, the model-checking problem is in NP.
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Complexity

Theorem. The problem to decide, given a finite structure 2, a team X and a
formula y in dependence logic, whether 2 Ex v, is NExpTIME-complete. This

also holds when 2 and X are fixed, in fact even in the case where 2/ is just the
set {0,1} and X = {&}.
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Complexity

Theorem. The problem to decide, given a finite structure 2, a team X and a

formula y in dependence logic, whether 2 Ex v, is NExpTIME-complete. This
also holds when 2( and X are fixed, in fact even in the case where 2l is just the
set {0,1} and X = {@}.

The same complexity results hold for independence logic, and logics using
inclusion, exclusion, and/or equiextension atoms.

Constancy logic. Fragment of dependence logic, using only dependence
atoms of form =(y).

The model checking problem for constancy logic is PSPACE-complete.
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Example: 3-colourability

X(G) ={s: (edge,node) — (e,u) : eisanedgeof Gand u € e}

y(edge,node) := Hcolour((z(colour) v =(colour) v =(colour))/\

=(node,colour) A =(edge,colour,node)).

Claim. ~ Gis3-colourable <=V UE Ex(g) y(edgenode)
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Example: 3-colourability

X(G) ={s: (edge,node) — (e,u) : eisanedgeof Gand u € e}

y(edge,node) := Hcolour((z(colour) v =(colour) v =(colour))/\

=(node,colour) A =(edge,colour,node)).

Claim. ~ Gis3-colourable <=V UE Ex(g) y(edgenode)

A consistent winning strategy S = (W, F) with Team(S, v) = X(G) selects, for
every assignment s : (edge,node) — (e, u) at least one colour ¢(s).

First conjunct: at most three colours are used
Second conjunct:  the colour of (e, u) only depends on the node u

Final conjunct: the edge and the colour determine the node, i.e. a different
colour is assigned to (e, u) and (e, v) for every edge e = {u, v}.

d d
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Independence versus Henkin quantifiers

Independence atoms can be used to describe semantics of Henkin quantifiers.

\
= x 3y Pxyuv

Yu v
(A, P) E ¢ if there exist functions f, g : A — A such that A = P(a, fa,c, gc)
forall a, c € A.
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Independence versus Henkin quantifiers

Independence atoms can be used to describe semantics of Henkin quantifiers.

._( Vx 3y

= P
Yu v ) xyuy

A, P) E ¢ if there exist functions f, ¢: A — A such that 2 = P(a, fa,c, ¢c
¢ & 4
forall a, c € A.
v = Vx3IyVudv(xyLl,v A Pxyuv)

Game-theoretic semantics: (A, P) & v if there exist functions
F:A->P(A)N{z}and G: Ax Ax A — P(A)\ {&} such that the team

XpGg={s:(x,y,u,v)~ (a,b,c,d): beF(a)andde G(a,b,c)}

satisfies xy L,v and Px yuv

Claim. The two formulae are equivalent.
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Independence versus Henkin quantifiers

[ Yx 3Jy
S\ vu

)nyuv E yi=VYxIyVudv(xyLl,v A Pxyuv)

From Skolem functions f, g for ¢ we immediately get a consistent winning
strategy for v, witnessed by F(a) := {fa} and G(a, b, ¢) := {gc}.

The team Xpg then consists of all assignments (4, fa, ¢, gc) which clearly
satisfies Px yuv and also satisfies the independence atom xy1,v since v is
constant for any fixed value for u.
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Independence versus Henkin quantifiers

Vx 3dy

= VxIyVuIv(xyLy A P S
v = Vx3IyYudv(xyl,v A Pxyuv) ® (Vu B

) Pxyuv

Given a consistent winning strategy for ¥ on 2, witnessed by F and G,
define Skolem functions for ¢ via a choice function € on P(A).
Set fa := ¢F(a) and gc := €(Ugea G(a, fa,c)).

Claim. P(a, fa,c, gc) forall a,c € A.
Prove that, for all g, ¢, the assignment (a, fa, ¢, gc) belongs to Xrg.

(1) Given a,c, there exists a’ € A such that gc € G(a’, fa’, ¢); hence
(a', fa',c, gc) € Xpg.

(2) (a,fa,c,d) e Xpg foralld € G(a, fa,c).

(3) By the independence atom we infer that Xp¢ also contains (a, fa, c, gc).
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Kernels in directed graphs

Represent a directed graph by a team E with attributes (source,target).

Kernel of G: set K of nodes such that no edges go from K to K and every node
outside K is dominated by a node in K.

Existence of a kernel is an NP-complete problem.

Kernel is not downwards closed, hence not expressible in dependence logic.

A formula with dependence, exclusion, and inclusion:

y(source,target) =3cVxIyVx'3y (=(c) A =(x, y) A=(x"y")A
(x=x">y=y")YA(pVv9I), where
¢ := (x = source —(y = ¢ A (source | target) A (y' = c v x c target)))

9 := (x = source -y # ¢)

Claim. V &g y(sourcetarget) <= (V,E) hasakernel

Erich Gridel Logics for dependence and independence




Kernels in directed graphs

y(source target) = 3cVxIyVx'3y (=(c) A =(x, ) A=(x"y")A
(x=x'>y=y)r(pv9)

There is constant ¢ and two functions f : x — yand f’: x" — y’, which are
actually the same, such that the resulting team can be split into two subsets one

of which satisfies ¢ and the other satisfies 9.

Idea: K = f'(c), and E split into the team E; of edges originating in K and the
team E, of edges originating in its complement.

¢ := (x = source - (y = ¢ A (source | target) A (y' = c v x' c target)))

9 := (x = source > y # ¢)

No edge in E; has its target in K, and that all nodes outside K are the target of

an edge in E;.

d ind d
e and indep
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Exclusion is expressible with simple independence

Lemma. (Galliani) x|y=3z(xCzAy+zaylz)

Suppose that A =x x | y. Then B:= {s(y) : s € X} ¢ A. We define a consistent
winning strategy S showing that A =x 3z(x €z A y # x A y L z) by permiting,
for all s € X, all values in A \ B for z.

d d d
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Exclusion is expressible with simple independence

Lemma. (Galliani) x|y=3z(xCzAy+zaylz)

Suppose that A =x x | y. Then B:= {s(y) : s € X} ¢ A. We define a consistent
winning strategy S showing that A =x 3z(x €z A y # x A y L z) by permiting,
for all s € X, all values in A \ B for z.

o Team(S,x € z) = C x (A \ B) for some C with C n B = &. This obviously
satisfies x C z.

o Team(S, y # z) = Team(S,y L z) = Bx (AN B).
This obviously satisfies both y # zand y 1 z.

d d
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Exclusion is expressible with simple independence

Lemma. (Galliani) x|y=Je(xCzAy+zAylz)

Conversely suppose that S is a consistent winning strategy witnessing that
AEx Jz(x CzAy+zAy L z). Towards a contradiction, assume that some
a € A occurs as value for both x and y in X.
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Exclusion is expressible with simple independence

Lemma. (Galliani) x|y=Je(xCzAy+zAylz)

Conversely suppose that S is a consistent winning strategy witnessing that

AEx Jz(x CzAy+zAy L z). Towards a contradiction, assume that some
a € A occurs as value for both x and y in X.

Let T =Team(S,(x CzAy#2zA Yy 12z)).
o By consistency with x C z, T contains an assignment s with s(z) = a.
o Since a occurs as a value for y, T has an assignment s’ with s’(y) = a.

o By consistency with y L z there must be a further assignent s” with
s"(y) =aands”(z) = a.

o This contradicts consistency with y # z.
Erich Gridel
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Inclusion is expressible with simple independence

Lemma. (Galliani) xCy = VzVu(eiV @2V ¢3) where
- pr=(zrxnzEy)v(uEOAu 1)
- @r=(u=0Az%y)
- ¢3:=((u=0Az=y)vu=1)Az1lu)

Let X be a team on A (containing two distinct elements 0,1) and let

Y = X[z~ A][u — A]. We have to show that A =x x C y if, and only if,
Player 0 can find a decomposition Y = Y; U Y, U Y3 such that A Ey, ¢; (for
i=1,2,3).

Suppose that A =x (x € y). We can satisfy the first two formulae by

Yi={seY:s(u) e AN{0,1}} U{seY:s(2) ¢ {s(x),s(»)}}
Yy:={seY:s(u)=0ns(z) #s(y)}

This leaves us with

Y; = {s €eY:s(z)=s(y)ns(u)e {0,1}}u{s €Y :s(u)=1As(2) :s(x)}

Erich Gridel Logics for dependence and ind
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Inclusion is expressible with simple independence

For Y3 ={seY:s(z) =s(y) As(u) e {0,1} }u{se Y:s(u) =1as(2) =s(x)}
we have to show that

Ay, (u=0Az=y)vu=1)AzLu)



Inclusion is expressible with simple independence

For Y3 ={seY:s(z) =s(y) As(u) e {0,1} }u{se Y:s(u) =1as(2) =s(x)}
we have to show that

Ay, (u=0Az=y)vu=1)Az Lu)
Clearly the first conjunct is true. It remains to show that Y3 = (z L u), i.e,,

(Vs,s' € Y3)(35" € Y3) (5" (2) = s(2) As"(u) =5"(u))
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Inclusion is expressible with simple independence

For Y; = {s €eY:s(z)=s(y)ns(u)e {0,1}} U {s €eY:s(u)=1ns(z) = s(x)}
we have to show that

Ay, (u=0Az=y)vu=1)Az Lu)
Clearly the first conjunct is true. It remains to show that Y3 = (z L u), i.e,,
(Vs,s' € Y3)(35" € Y3) (5" (2) = s(2) As"(u) =5"(u))

-ifs(z) = s(y) lets” := s[u — s'(u)].
s" € Yy since s”(z) = s(z) =s(y) =s"(y)
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Inclusion is expressible with simple independence

For Y; = {s €eY:s(z)=s(y)ns(u)e {0,1}} U {s €eY:s(u)=1ns(z) = s(x)}
we have to show that

Ay, (u=0Az=y)vu=1)Az Lu)
Clearly the first conjunct is true. It remains to show that Y3 = (z L u), i.e,,
(Vs,s' € Y3)(35" € Y3) (5" (2) = s(2) As"(u) =5"(u))

-ifs(z) = s(y) lets” == s[u — s’ (u)].
s" € Yy since s”(z) = s(z) =s(y) =s"(y)
-if s(z) # s(y), then s(u) = land s(z) = s(x).
Since X = (x € y) there exists ¢ € X with t(y) = s(x).
Sets” :=t[z— s(z)][uwrs"(u)].
Again s” € Y3 since s”(2) = s(z) = s(x) = t(y) =s"(y).
Erich Gridel
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Inclusion is expressible with simple independence

Lemma. (Galliani) xCy = VzVu(eiV @2V ¢3) where
- pr=(ztxnzEy)v(uzEr0Au£l)
- = (u=0Az#Yy)
- p3=((u=0Az=y)vu=1)Azlu)



Inclusion is expressible with simple independence

Lemma. (Galliani) xSy = VzVu(giV @,V ¢3) where
- pri=(zrxnzzy)v(u+r0Aru=+l)
- gai=(u=0nz#Yy)
- ¢3:=((u=0Az=y)vu=1)Az1lu)

For the converse, assume Player 0 can find a decomposition Y = Y; U Y, U Y3 of
Y = X[z~ A][u ~ A] such that A =y, ¢; (fori =1,2,3).

d d d
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Inclusion is expressible with simple independence

Lemma. (Galliani) xSy = VzVu(giV @,V ¢3) where
- pri=(zrxnzzy)v(u+r0Aru=+l)
- gai=(u=0nz#Yy)
- ¢3:=((u=0Az=y)vu=1)Az1lu)

For the converse, assume Player 0 can find a decomposition Y = Y; U Y, U Y3 of
Y = X[z~ A][u ~ A] such that A =y, ¢; (fori =1,2,3).

Forany t e X,lets = t[z~ t(x)][u 1] and s’ = t{z — t(y)][u — 0]. Any
team containing s or s’ violates ¢; and ¢,, so s,s’ € Y3.

Since Y3 E z 1 u there exists some s” € Y3 with s”'(z) = s(z) = t(x) and
s"(u) =s'(u) = 0. Since s”(u) = 0 it follows that s”'(y) = s”(z) = t(x). But
this means that ¢(x) occurs in X as a value for y.
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Inclusion is expressible with simple independence

Lemma. (Galliani) xSy = VzVu(giV @,V ¢3) where
- gu=(zrxnzEy)v(urE0Au 1)
- gai=(u=0nz#Yy)
- 93:=((u=0Az=y)vu=1)AzLlu)
For the converse, assume Player 0 can find a decomposition Y = Y; U Y, U Y3 of

Y = X[z~ A][u ~ A] such that A =y, ¢; (fori =1,2,3).

Forany t e X,lets = t[z~ t(x)][u 1] and s’ = t{z — t(y)][u — 0]. Any
team containing s or s’ violates ¢; and ¢,, so s,s’ € Y3.

Since Y3 E z 1 u there exists some s” € Y3 with s”'(z) = s(z) = t(x) and
s"(u) =s'(u) = 0. Since s”(u) = 0 it follows that s”'(y) = s”(z) = t(x). But
this means that ¢(x) occurs in X as a value for y.

We have proved that X & (x € y).
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Simple independence atoms suffice

Recall that Galliani proved that independence logic has the same expressive
power as FO with inclusion and exclusion atoms. Since these are expressible

via simple independence atoms, the generalized independence atoms are not
really necessary.

Corollary  (Galliani)

Independence logic = (FO + simple independence atoms)
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Deterministic versus nondeterministic strategies

Our notion of constent winning strategies is nondeteministic:

A consistent winning strategy of Player 0 for G and Win is a pair
S=(W,F)c(V,E)with F ¢ (W x W) n E such that

(1) W is the set of nodes that are reachable from I via edges in F
(2) ifve Vyn W thenvF + @
(3) ifve Vin W then vF = vE

(4) Wn T e Win.

d
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Deterministic versus nondeterministic strategies

The deterministic variant:

A deterministic consistent winning strategy of Player 0 for G and Win is a pair
S=(W,F)c(V,E)with Fc (W x W) n E such that

(1) W is the set of nodes that are reachable from I via edges in F
(2) ifve Von W then |[vF| =1

(3) ifve Vin W then vF = vE

(4) Wn T eWin.

In most classical games, deterministic strategies are no less powerful than
nondeterministic ones. Is this also the case for second-order reachability
games?
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) which says

The team under consideration can be extended by values for x such
that all values for y and z in the team occur als values for x

d d d
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) which says

The team under consideration can be extended by values for x such
that all values for y and z in the team occur als values for x

True for any team X: assign to x all values occurring for y and z in X.

d d d
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) which says

The team under consideration can be extended by values for x such
that all values for y and z in the team occur als values for x

True for any team X: assign to x all values occurring for y and z in X.

But under deterministic (strict) semantics for (3x) this not the case. Let

X = {s} with s(y) # (z). By chosing just one witness for x, we cannot make
the formula true for this team.

So under deterministic semantics, this formula says something different.
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) which says
The team under consideration can be extended by values for x such

that all values for y and z in the team occur als values for x

True for any team X: assign to x all values occurring for y and z in X.

But under deterministic (strict) semantics for (3x) this not the case. Let

X = {s} with s(y) # (z). By chosing just one witness for x, we cannot make
the formula true for this team.

So under deterministic semantics, this formula says something different.

So what?
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) and the team

)
X=[1]2]3
1124

Clearly X = 3x(y € x A z C x) even under deterministic semantics.
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) and the team

)
X=[1]2]3
1124

Clearly X = 3x(y € x A z C x) even under deterministic semantics.

But under deterministic semantics X | {y,z} # Ix(y Sx Az C x)

d
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Why is the nondeterministic semantics the right one ?

Consider the formula 3x(y € x A z € x) and the team

X:

)
1 3
1 4

Clearly X = 3x(y € x A z C x) even under deterministic semantics.

But under deterministic semantics X | {y,z} # Ix(y Sx Az C x)

Hence deterministic semantics violates the locality principle !

Erich Gridel

Logics for dep
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Downwards Closure

In model-checking games for dependence logic, deterministic strategies
suffice. The reason is that dependence logic is downwards closed for teams.

A winning condition Win ¢ P(T) is downwards closed if U € Winand Z ¢ U
imply Z € Win.

Proposition. Let Win be downwards closed. Then Player 0 has a consistent
winning strategy for G and Win if, and only if, she has a deterministic one.
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Downwards Closure

In model-checking games for dependence logic, deterministic strategies
suffice. The reason is that dependence logic is downwards closed for teams.

A winning condition Win ¢ P(T) is downwards closed if U € Winand Z ¢ U
imply Z € Win.
Proposition. Let Win be downwards closed. Then Player 0 has a consistent

winning strategy for G and Win if, and only if, she has a deterministic one.

Is this sufficient condition also necessary?
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Downwards Closure

In model-checking games for dependence logic, deterministic strategies
suffice. The reason is that dependence logic is downwards closed for teams.

A winning condition Win ¢ P(T) is downwards closed if U € Winand Z ¢ U
imply Z € Win.

Proposition. Let Win be downwards closed. Then Player 0 has a consistent
winning strategy for G and Win if, and only if, she has a deterministic one.

Is this sufficient condition also necessary?

No, but we can find a weaker condition, that is both necessary and sufficient

for guaranteeing the possibility to eliminate nondeterministic strategies.
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Splits

A collection F ¢ P(T) has a split if there exist Uy, U, ¢ F such that
Uyu U, e F.



Splits

A collection F ¢ P(T) has a split if there exist Uy, U, ¢ F such that
U1 @] U2 eF.

If F is downwards closed, then it has no splits. The converse is not true.
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Splits

A collection F ¢ P(T) has a split if there exist Uy, U, ¢ F such that
U1 @] U2 eF.

If F is downwards closed, then it has no splits. The converse is not true.

Theorem. If Win € P(T) has no splits, then for any second-order reachability
game (G, Win), Player 0 has a consistent winning strategy, if and only if, she
has a deterministic one. Conversely, if Win € P(T') has a split, then there
exists a game graph G with T as its set of terminal nodes such that Player 0 has
a consistent winning strategy for (G, Win) but not a deterministic one.

Erich Gridel Logics for dependence and independence




Negation

Define the semantic extension of y on 2 as [[y]|% = {X : 2 kx v}.



Negation

Define the semantic extension of y on 2 as [y/J]* == {X : A =x y}.

Negation is not a semantic operation, contrary to disjunction, conjunction,
and quantifiers.
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Negation

Define the semantic extension of y on 2 as [y/J]* == {X : A =x y}.

Negation is not a semantic operation, contrary to disjunction, conjunction,
and quantifiers.

When we know [[¢]]* and [[¢]]* we can easily compute [[¢ A y]]* and
[[o v y]* (without even knowing the syntax of y and ¢). Analogous
observations for quantifiers.

However, knowing [[¢]]* does not provide much knowledge about [y~ ]]*.
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Negation and interpolation

We only consider structures with at least wo elements. Two formulae y and ¢
are contradictory if [y ]]* n [[¢]]* = {@} for any structure 2A.

Proposition. (Kontinen and Véddniianen) For any two contradictory
formulae v and ¢ of dependence logic there is a formula 9 such that

(97" = [y]* and [9~]1" = [[p]™ for all 2A.
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Negation and interpolation

We only consider structures with at least wo elements. Two formulae y and ¢
are contradictory if [y ]]* n [[¢]]* = {@} for any structure 2A.

Proposition. (Kontinen and Véddniianen) For any two contradictory
formulae v and ¢ of dependence logic there is a formula 9 such that

(91" = [y])™ and [9°]1" = [[]]* for all 2.

In this form, this is not true in general for logics with team semantics. For
instance independence logic contains Vx(x € y) and =(y) which are
contradictory but we will see that they have no such interpolant.
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Strongly contradictory formulae

Two formulae y and ¢ are strongly contradictory if X n'Y = & for all teams
X, Y and all structures 2 such that A Ex y and A Ey ¢.

Lemma. Every formula is strongly contradictory to its negation.

By induction. For atomic formulae, this is true by definition. Consider
v=¢pvdandy =¢ A9 IfAkEx ythen X = X' U X" with A £x/ ¢ and
Aexr 9. ffAEy y~ thenAky 9" and Ay 9. Hence X' nY =X"nY =9
and thusalso X nY = @.

Finallylety = 3ypand y™ = Vy ¢~ If A £x y then ™A Ex[,.. ] ¢ for some
F: X —»P(A)N{@}. IfA =y y~ then 2 Ey[,., 4] ¢. Hence
X[y~ F]nY[y~ A]l=@andthus XnY = 2.
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Strongly contradictory formulae

Two formulae y and ¢ are strongly contradictory if X n'Y = & for all teams
X, Y and all structures 2 such that A Ex y and A Ey ¢.

Lemma. Every formula is strongly contradictory to its negation.

By induction. For atomic formulae, this is true by definition. Consider
v=¢pvdandy =¢ A9 IfAkEx ythen X = X' U X" with A £x/ ¢ and
Aexr 9. ffAEy y~ thenAky 9" and Ay 9. Hence X' nY =X"nY =9
and thusalso X nY = @.

Finallylety = 3ypand y™ = Vy ¢~ If A £x y then ™A Ex[,.. ] ¢ for some
F: X —»P(A)N{@}. IfA =y y~ then 2 Ey[,., 4] ¢. Hence
X[y~ F]nY[y~ A]l=@andthus XnY = 2.

Remark. Contradictory formulae of dependence logic are in fact strongly
contradictory. Indeed, suppose that 2 Ex y and A £y ¢. Then, by downwards
closure, A Exny Y A@,s0 XNY =@.
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Contradictory formulae without interpolants

Corollary. Only a pair of strongly contradictory formulae y, ¢ can have an
interpolant 9 with y = 9and ¢ = 9™.

The formulae Vx(x € y) and =(y) are contradictory (on structures with at
least two elements) but have no interpolant, since they are not strongly
contradictory.

Indeed, let s, be the assignment y + a. Then [[Vx(x ¢ y]|* = {X} with
X = {s,:a € A}, whereas [[=(y)]]* = {{s.} : a € A}, and we have
Xn{sa}={sa} 2.
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Contradictory formulae without interpolants

Corollary. Only a pair of strongly contradictory formulae v, ¢ can have an
interpolant 9 with y = 9and ¢ = 9™.

The formulae Vx(x € y) and =(y) are contradictory (on structures with at
least two elements) but have no interpolant, since they are not strongly

contradictory.

Indeed, let s, be the assignment y + a. Then [[Vx(x ¢ y]|* = {X} with
X = {s,:a € A}, whereas [[=(y)]]* = {{s.} : a € A}, and we have
Xn{sa}={sa} 2.

Being strongly contradictory is a necessary condition for having an
interpolant. We will see that it is also sufficient.
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Completely undetermined sentences

A sentence is completely undetermined if neither the sentence itself, nor its
negation is true on any structure with more than one element.

Examples: Vx =(x) or VxIy(xLly Ax =y)

Proposition. Let L be any logic with team semantics, closed under first-order
operations, containing a completely undetermined sentence L, . Then for any
v, ¢ € L, the following are equivalent

(1) 'There is a formula 77 such that y F yand ¢ = 7~

(2) Thereisaformula 9 such thaty = 9and ¢ = 9~

Proof. (2) = (1): Take 7 = 9.

()= (2): Take9:=(yv i )A((¢Vv 1) Vvy). Then
d=yn(Lvy)=vAan=vy
S =(yvi) v((pvi)an)=Llv(ean ) =ern =g
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1-closed formulae

A formula y 1-closed if whenever 2 Ex y then also 2 =y y forall s € X.

All formulae of dependence logic are 1-closed. Further independence atoms
(and in fact all purely existential formulae of indepence logic) are 1-closed.

Lemma. Let L be a logic with team semantics, that is closed under first.order
operations and translatable into 3. Then for every formula y € L there exists a
formula y* in dependence logic such that the teams satisfying y* are exactly
the subteams of the teams satisfying y.

Proof. Translate y into y*(Y) € =} and let
(X)) =3Y(Vx(Xx — Yx) Ay*(Y)). Since X appears only negatively in
¢(X), it can be translated into an equivalent formula y*.

Notice that y = y* and that ¢ is I-closed. Further y and ¢ are strongly
contradictory if, and only if, y* and ¢* are contradictory (and hence strongly
contradictory).
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The Interpolation Theorem

Let L be a logic with team semantics, which contains FO and can be embedded
into Z}, and which has a totally undetermined sentence.

Theorem. For any two strongly contradictory formulae v, ¢ from L, there
exists a formula 9 in L such thaty =9 and ¢ = 9™.

Let IR{(R, X) and 3S¢(S, X) be Zi-translations of y* and ¢*. Then
(R, X) E (~¢(S,X) v X = @) is a valid first-order implication.

By Craig’s Interpolation Theorem there is a first-order sentence 7(X) such that
¥(R, X) £ 7i(X) and (¢(S, X) A X # @) E -7j(X).

Let n(x) := /1 Xz/z = x]. For any team {s} of size one, we have (2, {s}) & 7 if,
and only if, A =y 7.

Claim. y £ nand ¢ = -1 (and hence an interpolant 9 exists)

d d
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The Interpolation Theorem

Claim. vy E and ¢ E -7.

Let 2 £x . Then also 2 Ex v and, since y* is 1-closed, also 2 E{s) vt for all
s € X. This implies that 2 = IRJ(R, {s}) and therefore 2 = 7({s}) and thus
2 =,y nforall s € X. But since € FO this implies that 2 =x 7.

d d
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The Interpolation Theorem

Claim. vy E and ¢ E -7.

Let 2 £x . Then also 2 Ex v and, since y* is 1-closed, also 2 F{s) vt for all
s € X. This implies that 2 = IRJ(R, {s}) and therefore 2 = 7({s}) and thus
2 =,y nforall s € X. But since € FO this implies that 2 =x 7.

Suppose 2l Ex ¢. Again we get 2 =y " for all s € X. Therefore
2 = 3S¢(S, {s}) and hence A = —~#({s}). This implies A Fsy —n foralls € X,
and since 5 € FO, we have 2 =x —7.
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Part III: Least Fixed-Point Logic, Inclusion Logic, and the
Quest for a Logic for PTIME

©

The quest for a logic for polynomial time

©

State of the art and challenges for current research

©

Structure of least fixed point logic

©

Inclusion logic versus least fixed-point logic

d d d
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The most important problem of Finite Model Theory

Is there a logic that captures PTIME?



The most important problem of Finite Model Theory

Is there a logic that captures PTIME?

Informal definition: A logic L captures PTIME if it defines precisely those
properties of finite structures that are decidable in polynomial time:

(1) For every sentence y € L, the set of finite models of y is decidable in
polynomial time.

(2) For every PTIME-property S of finite 7-structures, there is a sentence
y e LsuchthatS = {2 € Fin(7) : A = y}.
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The most important problem of Finite Model Theory

Is there a logic that captures PTIME?
Informal definition: A logic L captures PTIME if it defines precisely those
properties of finite structures that are decidable in polynomial time:

(1) For every sentence y € L, the set of finite models of y is decidable in
polynomial time.

(2) For every PTIME-property S of finite 7-structures, there is a sentence
y e LsuchthatS = {2 € Fin(7) : A = y}.

The precise definition is more subtle. It includes certain effectiveness
requirements to exclude pathological ‘solutions.
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First-Order Logic

First-order logic (FO) is far too weak to capture PTIME.

o FO can express only local properties of finite structures
Theorems of Gaifman and Hanf

Global properties (e.g. planarity of graphs) are not expressible.
o FO has no mechanism for recursion or unbounded iteration.

Transitive closures, reachability or termination properties, winning
regions in games, etc. are not FO-definable.

o FO can only express properties in AC°

ACY is constant parallel time with polynomial hardware. In particular,
FO ¢ LoGsPACE.
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Second-Order Logic

Second-order logic (SO) is (probably) too strong to capture PTIME.

Fagin's Theorem. Existential SO captures NP.
Corollary. SO captures the polynomial hierarchy.

Thus SO captures polynomial time if, and only if, P = NP.
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Second-Order Logic

Second-order logic (SO) is (probably) too strong to capture PTIME.
Fagin's Theorem. Existential SO captures NP.
Corollary. SO captures the polynomial hierarchy.

Thus SO captures polynomial time if, and only if, P = NP.

Monadic second-order logic is orthogonal to PTIME:

On words, MSO captures the regular languages, and not all PTimE-languages
are regular.

On graphs, MSO can express NP-complete properties, such as 3-colourability.
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Least fixed point logic LFP

Syntax. LFP extends FO by fixed point rule:

o For every formula (T, x;...x;) € LFP[tu{T}],
T k-ary relation variable, occuring only positive in y,
build formulae [Ifp Tx . v](x) and [gfp Tx . y](x)

Semantics. On 7-structure 2, y( T, x) defines monotone operator

y*: P(AF) — P(A)
T —{a:(AT)=y(T,a)}

o Ak [Ifp TX. ¢(T,%)](@) = aclfp(y®)
A = [gfp Tx . y(T,%)](a) = a e gfp(y™)

d
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LFP and polynomial time

Theorem (Immerman, Vardi)

On ordered finite structures, LFP captures PTIME.

On arbitrary finite structures, LFP can express certain PTIME-complete

problems (such as winning regions of reachability games), but fails to express
all of PTIME.
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LFP and polynomial time

Theorem (Immerman, Vardi)
On ordered finite structures, LFP captures PTIME.

On arbitrary finite structures, LFP can express certain PTIME-complete
problems (such as winning regions of reachability games), but fails to express
all of PTIME.

LFP is unable to count.

For instance the class of graphs with an even number of vertices is not
LFP-definable.
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LFP and polynomial time

Theorem (Immerman, Vardi)
On ordered finite structures, LFP captures PTIME.

On arbitrary finite structures, LFP can express certain PTIME-complete
problems (such as winning regions of reachability games), but fails to express
all of PTIME.

LFP is unable to count.

For instance the class of graphs with an even number of vertices is not
LFP-definable.

Immerman suggested to extend fixed-point logics by a counting mechanism.

d d d
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Fixed-point logic with counting
(FP + C): A two-sorted fixed-point logic with counting terms.

Two sorts of variables:
- X,Y,%,... ranging over the domain of the given finite structure
- W, v,... ranging over natural numbers

On natural numbers, standard arithmetic operations +, - and < are available,
but variables must be explicitely bounded and only take polynomially
bounded values.

Counting terms: For a formula ¢(x), the term #,¢(x) denotes the number of
elements a of the structure that satisfy ¢(a).

Least or inflationary fixed point operator defining formulae of the form

[fp Rxp 7.y (R %, @) (7, 9).

d d d
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Infinitary logic with counting

(FP + C) can be embedded into the infinitary logic C% , which extends
first-order logic by allowing

- counting quantifiers 3'x: there exist at least i elements x such that...
- infinitary conjunctions and disjunctions:

\/ © and A @ for any set ®@ of formulae
- but only finitely many distinct variables in each formula.
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Infinitary logic with counting

(FP + C) can be embedded into the infinitary logic C% , which extends
first-order logic by allowing

- counting quantifiers 3'x: there exist at least i elements x such that...
- infinitary conjunctions and disjunctions:

\/ © and A @ for any set ®@ of formulae
- but only finitely many distinct variables in each formula.

Ck , is the k-variable-fragment of C%, ,
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Infinitary logic with counting

(FP + C) can be embedded into the infinitary logic C% , which extends
first-order logic by allowing

- counting quantifiers 3'x: there exist at least i elements x such that...
- infinitary conjunctions and disjunctions:

\/ © and A @ for any set ®@ of formulae
- but only finitely many distinct variables in each formula.

Ck , is the k-variable-fragment of C%, ,

Why are we interested in this infinitary logic?
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Infinitary logic with counting

(FP + C) can be embedded into the infinitary logic C% , which extends
first-order logic by allowing

- counting quantifiers 3'x: there exist at least i elements x such that...
- infinitary conjunctions and disjunctions:

\/ © and A @ for any set ®@ of formulae
- but only finitely many distinct variables in each formula.

Ck , is the k-variable-fragment of C%, ,
Why are we interested in this infinitary logic?

Ck ,-equivalence of finite structures, and hence non-expressibility results for
(FP+C) can be proved via appropriate variants of Ehrenfeucht-Fraissé games,
as for instance Hella’s k-pebble bijection games.
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Fixed-point logic with counting versus polynomial time

Theorem. (FP+C) ¢ Prime (Cai, Fiirer, Immerman 1992)



Fixed-point logic with counting versus polynomial time

Theorem. (FP+C) ¢ Ptime (Cai, Fiirer, Immerman 1992)

It is easy to see that every (FP+C)-definable property of finite structures is
decidable in polynomial time.

On the other side, Cai, Fiirer, and Immerman constructed sequences
(Gn)new and (Hy ) new of graphs such that

(1) There is a class of graphs, that is decidable in polynomial time, which
includes all G,, and excludes all H,

(2) G, =C~« H,, for all n.
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Fixed-point logic with counting versus polynomial time

Theorem. (FP+C) ¢ Ptime (Cai, Fiirer, Immerman 1992)

It is easy to see that every (FP+C)-definable property of finite structures is
decidable in polynomial time.

On the other side, Cai, Fiirer, and Immerman constructed sequences
(Gn)new and (Hy ) new of graphs such that

(1) There is a class of graphs, that is decidable in polynomial time, which
includes all G,, and excludes all H,

(2) G, =C~« H,, for all n.

Although the Cai-Fiirer-Immerman construction is sophisticated, the
property separating the G,, from the H, seemed somewhat artificial.

Might it be the case that (FP+C) captures all “natural” PTIME-properties
of finite structures?
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Capturing polynomial time sometimes

Fixed-point logic with counting captures PTIME on certain interesting classes

of structures, such as

Qo

Qo

Qo

Qo

trees (Immerman, Lander)

planar graphs and graphs of bounded genus (Grohe)
structures of bounded tree-width (Grohe, Marino)
chordal line graphs (Grohe)

interval graphs (Laubner)

all classes of graphs that exclude a minor (Grohe)

Further (FP+C) captures PTIME almost everywhere, i.e. on a class of random

structures with asymptotic probability one.  (Hella, Kolaitis, Luosto)
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Formulae that define matrices

A formula ¢(x, y) defines, when evaluated on a finite structure 2, a square
matrix M% = (myp)a.pent> With entries

1 ifAE=¢(a,b)
Map =
0 if2A# ¢(a,b)

Also more general matrices, for instance with entries in an arbitrary finite
commutative ring, can be defined by appropriate (collections of) formulae.

Since we assume our structures to be unordered, these matrices are defined
only up to permutations of the rows and columns.
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The next frontier: linear algebra

Most concepts in linear algebra can be formulated in terms of matrices.
We are interested in matrix properties and functions on matrices that are
(1) invariant under permutations of the rows and columns
(2) computable in polynomial time

This includes arithmetic operations on matrices, singularity, rank and
determinant, characteristic polynomials, minimal polynomials, solvablity of
linear equation systems, normal forms, ...

Question: Which of these properties and operations are definable in (FP+C)?

The answer may depend on the underlying ring.
One may consider Q, Z, finite fields, or arbitrary finite commutative rings.
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Linear algebra in (FP+C)

Actually a fair amount of linear algebra can be defined in (FP + C):

- matrix addition and matrix multiplication

- matrix exponentiation M* (with k given in binary notation)
- (non-)singularity of matrices

- determinant (over finite fields, Q, and Z)

- characteristic polynomials

- minimal polynomials (on fields)

- matrix rank over Q

(Blass, Gurevich, Shelah), (Dawar, Grohe, Holm, Laubner), (Gradel, Pakusa)
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Linear algebra outside (FP+C)

However, there are some fundamental polynomial-time properties in linear
algebra that are not definable in (FP+C)

- solvability of linear equation systems, over any finite commutative ring
- the rank of a matrix (over a finite field)

- similarity of matrices (over a finite field)

- rank equality (over a finite field)
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Linear algebra outside (FP+C)

However, there are some fundamental polynomial-time properties in linear
algebra that are not definable in (FP+C)

- solvability of linear equation systems, over any finite commutative ring
- the rank of a matrix (over a finite field)

- similarity of matrices (over a finite field)

- rank equality (over a finite field)

These are also sources of new operators to extend the logics.

Current research: Fixed-point logics with rank operators, or with solvability
operators for linear equation systems. Expressive power, separation from
PriMmE. Choiceless computation.
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Least and greatest fixed points

[Ifp Tx.¢(T,x)](a): a contained in smallest T with T'= {x: ¢(T,x)}
[gfp Tx.¢(S,x)](a): a contained in greatest T with T'= {x : ¢(T,x)}
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Least and greatest fixed points

[Ifp Tx.¢(T,x)](a): a contained in smallest T with T'= {x: ¢(T,x)}
[gfp Tx.¢(S,x)](a): a contained in greatest T with T'= {x : ¢(T,x)}

these T existif F, : T+ {x : ¢(T,X)} is monotone (preserves <)
to guarantee monotonicity: require that T positive in ¢

Logics for dependence and independence
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Least and greatest fixed points

[Ifp Tx.¢(T,x)](a): a contained in smallest T with T'= {x: ¢(T,x)}
[gfp Tx.¢(S,x)](a): a contained in greatest T with T'= {x : ¢(T,x)}

these T existif F, : T+ {x : ¢(T,X)} is monotone (preserves <)
to guarantee monotonicity: require that T positive in ¢

Inductive construction of the least and greatest fixed points on a structure 2:

T°:= g 0= Ak
Ta+1 = F(p(T(X) Sot+1 = F(P(Sa)
T := U re shi= M S* (A limit ordinal)
a<i a<i

== increasing/decreasing sequence of stages (T% ¢ T%*!, §% 2 §**1),
converges to fixed points 7 and S* of F,
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Least and greatest fixed points

[Ifp Tx.¢(T,x)](a): a contained in smallest T with T'= {x: ¢(T,x)}
[gfp Tx.¢(S,x)](a): a contained in greatest T with T'= {x : ¢(T,x)}

these T existif F, : T+ {x : ¢(T,X)} is monotone (preserves <)
to guarantee monotonicity: require that T positive in ¢

Inductive construction of the least and greatest fixed points on a structure 2:

T°:= g 0= Ak
Ta+1 = Fq,(T(X) Sa+1 = F(P(Sa)
T := U re shi= M S* (A limit ordinal)
a<i a<i

== increasing/decreasing sequence of stages (T% ¢ T%*!, §% 2 §**1),
converges to fixed points 7 and S* of F,

Theorem: T =1fp(F,) and S*° = gfp(F,) (Knaster, Tarski)

e
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LFP-definability for reachability and safety games

GAME is definable in LFP

Reachability: Player 0 has winning strategy for game G from position v
—
G=(V,Vo, i, E) & [lfp Wx. (Vox ATy(Exy A Wy))
v (Vix AVy(Exy > Wy)](v)

Safety: Player 0 can avoid losing G from position v
<~
G=(V,Vo, N,E) E [gfp Wx.(Vox AJy(Exy A Wy))
v (Vix AVy(Exy > Wy)](v)

d

Erich Gridel Logics for dep e and il

d

P



LFP-definability for reachability and safety games

GAME is definable in LFP

Reachability: Player 0 has winning strategy for game G from position v
—
G=(V,Vo, i, E) & [lfp Wx. (Vox ATy(Exy A Wy))
v (Vix AVy(Exy > Wy)](v)

Safety: Player 0 can avoid losing G from position v
<~
G=(V,Vo, W,E) = [gfp Wx.(Vox A Iy(Exy A Wy))
v (Vix AVy(Exy > Wy)](v)

GAME is complete for LFP (via quantifier-free reductions on finite structures)
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The gfp-fragment of LFP

The fragment posGFP of least fixed-point logic can be defined in two
equivalent ways:

(1) posGEP is the closure of the set of formulae of form [gfp R.X. ¢(R,X)](x),
where ¢(RXx) is in FO, under disjunction, conjunction, quantifiers, and
applications of gfp.

(2) posGFP is the set of relations definable by simultaneous greatest fixed
points of systems of first-order formulae.
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The gfp-fragment of LFP

The fragment posGFP of least fixed-point logic can be defined in two
equivalent ways:

(1) posGEP is the closure of the set of formulae of form [gfp R.X. ¢(R,X)](x),
where ¢(RXx) is in FO, under disjunction, conjunction, quantifiers, and
applications of gfp.

(2) posGFP is the set of relations definable by simultaneous greatest fixed
points of systems of first-order formulae.

It is well-known that these two formulations are equivalent.
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The alternation hierarchy

Fixed-point formulae become difficult to read and evaluate if they involve
more than (very) few alternations of least and greatest fixed point.

Alternation between lfp- and gfp- operations define a hierarchy analogous to
the 2/IT hierarchies in first-order and second-order logic.

The fragment posGEFP is at the bottom level of the alternation hierarchy of
least fixed-point logic.
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The alternation hierarchy

Fixed-point formulae become difficult to read and evaluate if they involve
more than (very) few alternations of least and greatest fixed point.

Alternation between lfp- and gfp- operations define a hierarchy analogous to
the 2/IT hierarchies in first-order and second-order logic.

The fragment posGEFP is at the bottom level of the alternation hierarchy of
least fixed-point logic.

Theorem. (Immerman)
On finite structures the alternation hierarchy collapses: LFP = posGFP.

However, this is not the case in general. For instance on (N, +, - ) the
alternation hierarchy of LFP is strict.
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posGFP versus existential second-order logic

Proposition. (Knaster, Tarski) The greastet fixed point of a monotone operator
is the union of all its post-fixed-points:

gfp(F) =U{R:F(R) =R} =U{R:F(R) o R}

As a consequence, it immediately follows that posGFP is a fragment of Z;:

[gfp Rx. ¢(Rx)](z) = IR(Rz A VX(RXx — ¢(R,X)))

d d
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Inclusion logic is closed under union of teams

Dependence logic is closed downwards: If 2l Ex yand Y € X then 2 =y y.
This is not true for inclusion statements x C y.
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Inclusion logic is closed under union of teams

Dependence logic is closed downwards: If 2l Ex yand Y € X then 2 =y y.
This is not true for inclusion statements x C y.

However, inclusion logic also has an interesting closure property.
Proposition. If A Ex v and A Ey v, then A Exuy ¥

For formulae x C y and for first-order formulae this is obvious.
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Inclusion logic is closed under union of teams

Dependence logic is closed downwards: If 2l Ex yand Y € X then 2 =y y.
This is not true for inclusion statements x C y.

However, inclusion logic also has an interesting closure property.
Proposition. If A £x yand A =y y, then A Exyy v

For formulae x C y and for first-order formulae this is obvious.

Closure under union is obviously preserved by A and V.
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Inclusion logic is closed under union of teams

Dependence logic is closed downwards: If 2l Ex yand Y € X then 2 =y y.
This is not true for inclusion statements x C y.

However, inclusion logic also has an interesting closure property.
Proposition. If A Ex v and A Ey v, then A Exuy ¥

For formulae x C y and for first-order formulae this is obvious.
Closure under union is obviously preserved by A and V.

Disjunction: assume that A =x v g and 2l =y y Vv ¢.
Then X = X, u X, such that 2 Ex, ¥ and A EX, ¢-
Similarly Y = Y;, U Y, such that 2l £y, y and 2l =y, ¢.

By induction hypothesis 2 = X0y, ¥ and A =x pUY, P> and therefore
A Exuy ¥V 0.
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Inclusion logic is closed under union of teams

Existential quantification: assume that A Ex Iy yand A =y Iy y.
There exist functions Fx : X - P(A) and Fy : Y — P(A) such that
A ’:X[)/HF)(] v and A ':X[yHFx] v. Define F: XUY — P(A) by

Fx(s) ifseX\Y
F(s) = { Fy(s) ifseyY X
Fx(s)UFy(s) ifseXnY

Then (XU Y)[y+ F]= X[y~ Fx]u Y[y~ Fy]. Hence A x y)[r] F ¥
and therefore 2 Ex,y Iy .
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Inclusion logic is closed under union of teams

Existential quantification: assume that A Ex Iy yand A =y Iy y.
There exist functions Fx : X - P(A) and Fy : Y — P(A) such that
A ’:X[)/HF)(] v and A ':X[yHFx] v. Define F: XUY — P(A) by

Fx(s) ifseX\Y
F(s) = { Fy(s) ifseyY X
Fx(s)UFy(s) ifseXnY

Then (XU Y)[y+ F]= X[y~ Fx]u Y[y~ Fy]. Hence A x y)[r] F ¥
and therefore 2 Ex,y Iy .

Remark. Notice that dependence logic, independence logic and in fact even
constancy formulae =(x) are not closed under unions of teams.

Corollary. For every structure 2, every team X and every formula y € Inc
there is the unique maximal subteam Xp,x € X with2A =x__ v.
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Inclusion statements and greatest fixed points

Given a team X, the maximal subteam X,,,,x € X satisfying inclusion statement
(xi € x;) is naturally definable by a gfp-induction:

X=X,

XM= {se X%: (35" € X¥)s'(x)) = s(xi)}

X* = Myey X for limit ordinals 1.

Hence Xpay is uniformly definable by the posGFP-formula
y(X,2) = [gfp Yx. Xx A Fy(Yy A yj = xi)](2)

Further 2 Ex (x; € x;) if, and only if (A, X) = Vz(Xz - y(X,Zz))

d d
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Inclusion statements and greatest fixed points

Given a team X, the maximal subteam X,,,,x € X satisfying inclusion statement
(xi € x;) is naturally definable by a gfp-induction:

X=X,

XM= {se X%: (35" € X¥)s'(x)) = s(xi)}

X* = Myey X for limit ordinals 1.

Hence X, is uniformly definable by the posGFP-formula
Y(X.2) = [gfp YX. XA TF(YT Ay, = x)](Z)

Further 2 Ex (x; € x;) if, and only if (A, X) = Vz(Xz - y(X,Zz))

This generalizes to all formulae of inclusion logic.

d d
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Translating inclusion logic into fixed-point logic

For every formula y(y) of inclusion logic there is a formula ¢ (X, y) in
posGFP, such that, for all structures 2 and all teams X,

Aexy(5) = F(X)2X <= (AX)EVX(X)~9(X,5))

For a sentence y of Inc, also ¢ € posGFP is a sentence, which is equivalent to .

Corollary. Every class of finite structures definable in Inc is also definable in
posGFP, and hence in PTIME.
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Translating posGFP to inclusion logic

For every formula y(X,Z) in posGFP one can construct a formula ¢(z) € Inc
such that, for all 2 and all X

Aex 9 — F:/%[(X)QX — (U X)Esyforallse X
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Translating posGFP to inclusion logic

For every formula y(X,Z) in posGFP one can construct a formula ¢(z) € Inc
such that, for all 2 and all X

Aex 9 — F:/%[(X)QX — (A, X)EsyforallseX

Intuition. In a gfp-induction, we justify that a tuple in z € X“ survives the
next iteration, i.e. that z € X%*1, by means of statements of form y € X* where
y is related to z by first-order operations (or, equivalently, moves in a
first-order game). By evaluating the corresponding Inc-formula on a team
(with variables x) that represents X“ twe can use inclusion statements y C x
for expressing that y € X*.

dence and independence
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[llustration via safety games

v(W,x) = (Vox Ady(Exy A Wy)) v (Vix AVy(Exy - Wy))

G=(V,Vo, N,E) E [gfp Wx.y(W,x)](v) if Player 0 can avoid losing from
v. Further Fg (W) 2 W if Player 0 has a strategy not to leave W.

Translation to inclusion logic (first attempt):
¢o(x) = (Vox AJy(Exynycx))v(Vix AVy(-Exy Vv ycCx))
We want to prove that Fg(W) DW= GEw o(x).

Problem: ¢ is a disjunction and we have to split the team W into the subteams
W n Vyand W n V; and check that G =wny, 3y(Exy A y € x) and

G Ewny, Yy(=ExyV y € x). But now only the values for x in the subteams are
available for the inclusion statements. The formula is not correct.
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[llustration via safety games

y(W,x) = (Vox A 3y(Exy A Wy)) v (Vix A Vy(Exy - Wy))

G =(V,Vo, W,E) = [gfp Wx.y(W,x)](v) if Player 0 can avoid losing from
v. Further Fl% (W) 2 W if Player 0 has a strategy not to leave W.

Translation to inclusion logic (corrected):
o(x)=Tz(zcxA((Vox AIy(ExyAycz)) v (Vix AVy(=Exy Vv y Cz))
Claim. FJ(W)2W < GEw ().

Proof. Choose for z at each assignment all values that x takesin W. g isa
disjunction and we have to split the team W into the subteams W n Vj and
W n V; and check that G =y, 3y(Exy A y € z) and

G Ewny, Yy(=Exy Vv y € z). Also in the subteams z takes all values in W,
hence y C z correctly expresses that y € W.
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Inclusion logic and least fixed-point logic

To summarize

Theorem. (Galliani and Hella) For every formula y/(X,z) in posGFP one can
construct a formula ¢(z) € Inc, and vice versa, such that, for all 2 and all X

Aex 9 — FVQ,[(X)QX — (UX)Eyforallse X
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Inclusion logic and least fixed-point logic

To summarize

Theorem. (Galliani and Hella) For every formula y/(X,z) in posGFP one can
construct a formula ¢(z) € Inc, and vice versa, such that, for all 2 and all X

Aex 9 — FVQ,[(X)QX — (UX)Eyforallse X

For the case of sentences, ¥ and ¢ are equivalent.

Corollary. For sentences, inclusion logic and posGFP have the same
expressive power.

Corollary. On finite structures, incusion logic and LFP have the same
expressive power. In particular, on ordered finite structures, inclusion logic
captures PTIME.
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